Abstract: In this paper, we introduce the concept of Golden quaternion and then show that we cannot have golden quaternions, golden dual quaternions and golden hyperbolic quaternions. But; we show that we have golden biquaternions and investigate its basic properties. Furthermore, we obtain the Golden split quaternions, Golden dual split quaternions and Golden hyperbolic split quaternions by using the Lorentz metric, respectively and investigate their basic properties.
Introduction
The Golden ratio is an irrational number defined to be
which is the real positive root of the equation x 2 − x − 1 = 0. It has been of interest to mathematicians, physicists, philosophers, architects, artists and even musicians since antiquity. It has been called the Golden mean, the Golden section, the divine proportion, the Fibonacci number and the mean of Phidias. It has a value of 1.61803... and is denoted φ, from the first letter of the name of the mathematician Phidias. We say that a line-segment is divided in the ratio of the Golden section, or in the Golden ratio, if the larger subsegment is related to the smaller exactly as the whole segment is related to the larger segment [15] .
The Golden ratio is a popular ratio since the time of Euclid and we encounter it in many fields; for example, in dimensions of the human body, in the structure of musical compositions, and in the ratios of harmonious sound frequencies [12] . Furthermore, it plays an important role in architecture and visual arts. The Golden proportion and the Golden rectangle (which is spanned by two sides in the Golden proportion) have been found in the harmonious proportions of temples, churches, statues, paintings, pictures and fractals [5, 7] .
The golden ratio is also used in the analysis of financial markets, in strategies such as Fibonacci retracement. In recent years, it has played an important role in differential geometry. M. Crasmareanu and C.E. Hretcanu [2] defined the Golden structure with the structure polynomial Q(x) = x 2 −x−I on a differentiable manifold and hence introduced the Golden ratio in differential geometry, which gives rise to the Golden differential geometry. Furthermore, E. Suresh defined Golden biquaternions, which also gives rise to the quaternion theory [3] . Our work is also based on E. Suresh's study.
We can summarize this study as follows, briefly. First, we recall some basic concepts related to quaternions, biquaternions (complexified quaternions), split quaternions, dual split quaternions and hyperbolic split quaternions, respectively, in Section 2. In the next section, we introduce the concept of Golden quaternion, we investigate its basic properties, and present some examples. Moreover, we obtain split quaternions by using the Lorentz metric in quaternions. The split quaternion product is different from quaternion product since the metric is different. Hence, we separately investigate split quaternions as the golden quaternions.
Preliminaries
In this section, to make the paper self-contained, we list some basic concepts and notations related to quaternions, biquaternions (complex quaternions), split quaternions, dual split quaternions and hyperbolic split quaternions, respectively.
A quaternion algebra H is an associative, non-commutative division ring with four basic elements {1, e 1 , e 2 , e 3 } satisfying the equalities e 2 1 = e 2 2 = e 2 3 = −1, e 1 e 2 = −e 2 e 1 = e 3 , e 2 e 3 = −e 3 e 2 = e 1 , International Electronic Journal of Pure and Applied Mathematics -IEJPAM, Volume 7, No. 3 (2014) e 3 e 1 = −e 1 e 3 = e 2 .
We write any quaternion in the form q = q 0 + q 1 e 1 + q 2 e 2 + q 3 e 3 or q = S q + − → V q where the symbols S q = q 0 and − → V q = q 1 e 1 + q 2 e 2 + q 3 e 3 denote the scalar and vector parts of q. If S q = 0 then q is called a pure quaternion. The conjugate of the quaternion q is denoted by K q , and defined as K q = S q − − → V q . The norm of a quaternion q is defined by qK q = K= q 2 0 + q 2 1 + q 2 2 + q 2 3 and denoted by N q and we say that q 0 = q Nq is a unit quaternion where q = 0. Every unit quaternion can be written in the form q 0 = cos θ + − → S 0 sin θ where − → S 0 is a unit vector satisfying the equality
and is called axis of the quaternion [10] . The quaternion product of two quaternions p = p 0 + p 1 e 1 + p 2 e 2 + p 3 e 3 and q = q 0 + q 1 e 1 + q 2 e 2 + q 3 e 3 is defined as
where , and ∧ are Euclidean inner product and vector product, respectively [6] .
Complexified Quaternions
Let 1, e 1 , e 2 , e 3 be the quaternion basis elements and z 0 , z 1 , z 2 , z 3 ∈ C. Then
is said to be a biquaternion (complexified quaternion). As a consequence of this definition, a biquaternion q can also be written as
where q ′ = a 0 +a 1 e 1 +a 2 e 2 +a 3 e 3 and q ′′ = a * 0 +a * 1 e 1 +a * 2 e 2 +a * 3 e 3 are real and imaginary biquaternion components, respectively. Scalar and vector parts of biquaternion q are denoted by S q = z 0 and − → V q = z 1 e 1 + z 2 e 2 + z 3 e 3 , respectively. The complex numbers z 0 , z 1 , z 2 , z 3 commute with the quaternion basis elements 1, e 1 , e 2 , e 3 . The quaternion algebra H is a normed division algebra. The algebra of complexified quaternion P = H ⊗ C is not a division algebra since the norm can be zero. The norm of biquaternion q = z 0 +z 1 e 1 +z 2 e 2 +z 3 e 3 is defined as N q = z 2 0 + z 2 1 + z 2 2 + z 
Split Quaternions
First we recall some basic notions from Lorentzian geometry. The Minkowski 3−space E 3 1 is the Euclidean space endowed with the metric
where
Since g is an indefinite metric, a vector − → u in E 3 1 may have one of the three casual characters, i.e., it is spacelike if
The semi-Euclidean 4−space with 2−index is denoted E 4 2 . The inner product of this semi-Euclidean space is given by
and we say that − → u is timelike, spacelike or lightlike if
2 . Split quaternions H are identified with the semi-Euclidean space E 4 2 . Besides, the subspace of H consisting of pure split quaternions H 0 is defined with the Minkowski 3−space [8] .
A split quaternion algebra is an associative, non-commutative non-division ring with four basic elements {1, e 1 , e 2 , e 3 } satisfying the equalities
e 2 e 3 = −e 3 e 2 = −e 1 , e 3 e 1 = −e 1 e 3 = e 2 .
The split quaternion algebra is the even subalgebra of the Clifford algebra of 3-dimensional Lorentzian space. Scalar and vector parts of split quaternion q are denoted by S q = q 0 and − → V q = q 1 e 1 + q 2 e 2 + q 3 e 3 , respectively. The split quaternion product of two split quaternions p = p 0 + p 1 e 1 + p 2 e 2 + p 3 e 3 and q = q 0 + q 1 e 1 + q 2 e 2 + q 3 e 3 is defined as
where g(, ) and ∧ L are Lorentzian inner product and vector product, respectively. If S q = 0 then q is called pure split quaternion. Let q = q 0 +q 1 e 1 +q 2 e 2 +q 3 e 3 = S q + − → V q be a split quaternion. The conjugate of a split quaternion, denoted K q , is defined as
Since the vector parts of q and K q differ only in sign, we have
We say that a split quaternion q is spacelike, timelike or lightlike if I q < 0, I q > 0, I q = 0, respectively. Obviously, −I q = −q 2 0 −q 2 1 +q 2 2 +q 2 3 is identified with q, q E 4 2 for the split quaternion q. The norm of q = q 0 + q 1 e 1 + q 2 e 2 + q 3 e 3 is defined as N q = q 2 0 + q 2 1 − q 2 2 − q 2 3 . If N q = 1 then q is called the unit split quaternion and q 0 = q Nq is a unit split quaternion for N q = 0. Also, spacelike and timelike quaternions have multiplicative inverses and they satisfy the property−1 = q −1 q = 1. They are constructed as q −1 = Kq Iq . Lightlike quaternions have no inverses [14] . Furthermore, we have the following.
Vector part of any spacelike quaternion is spacelike since
But, vector part of any timelike quaternion can be spacelike, timelike or null in E 3
1 . This is important especially for polar forms and rotations [14] .
i) Every spacelike qauternion can be written in the form
where sinh θ = ii) Every timelike qauternion with spacelike vector part can be written in the form iii) Every timelike qauternion with timelike vector part can be written in the form
where cos θ
is a timelike unit vector in E 3 1 and − → S 0 2 = −1.
Dual Numbers and Dual Split Quaternions
After we give a brief summary of dual numbers, we recall dual split quaternions.
Each element of the set
is called a dual number. A dual number A = a + εa * can be expressed in the form A = ReA + εDuA, where ReA = a and DuA = a * . Addition and multiplication of two dual numbers A = a + εa * and B = b + εb * are defined as
respectively and the conjugate of A = a + εa * is defined as A = a − εa * [6] . A dual split quaternion Q is defined by
As a consequence of this definition, a dual split quaternion Q can also be written as
where q = a 0 +a 1 e 1 +a 2 e 2 +a 3 e 3 and q * = a * 0 +a * 1 e 1 +a * 2 e 2 +a * 3 e 3 are real and dual split quaternion components, respectively. Scalar and vector parts of dual split quaternion Q are denoted by S Q = A 0 and − → V Q = A 1 e 1 +A 2 e 2 +A 3 e 3 , respectively. The Hamilton conjugate of Q, denoted K Q , is defined as
and denoted by N Q . For dual split quaternions with non-zero norm, the inverse is defined as
Hyperbolic Numbers and Hyperbolic Split Quaternions
In this last section, we give a brief summary of hyperbolic numbers and hyperbolic split quaternions. Consider numbers of the form w = x + jy, where x and y are real numbers, and j is a commuting element satisfying the relation
Such a number system is known as the hyperbolic number system. Addition and multiplication of two hyperbolic numbers z = x 1 + jy 1 and w = x 2 + jy 2 are, defined as
Moreover, given any hyperbolic number w = x + jy, we define the conjugate of w, denoted w, to be w = x − jy, (See [1] ). Let 1, e 1 , e 2 , e 3 be the split quaternion basis elements and
is a hyperbolic split quaternion. As a consequence of this definition, a hyperbolic split quaternion Q can also be written as − → V Q = Q 1 e 1 + Q 2 e 2 + Q 3 e 3 , respectively. The conjugate of Q, denoted K Q , is defined as
and denoted by N Q . For hyperbolic split quaternions with non-zero norm, the inverse is defined as
Golden Quaternions
In this section, first we introduce the concept of the golden quaternion and then show that we cannot have golden, golden dual and golden hyperbolic quaternions. Next, we investigate golden biquaternions and present some examples. Finally, we introduce the concept of the golden split quaternion, golden dual split quaternions and golden hyperbolic split quaternion, respectively. Next, we investigate these quaternions and present some examples. Definition 3.1. Let Q be a quaternion if Q satisfy the equation
then we say that Q is a golden quaternion. Now, let Q = S Q + − → V Q , then we have
In this case, the equation Q 2 − Q = 1 is equivalent to
and we get
(1)
Hence we get
Then there are two cases for golden quaternions:
ii)
Hence, we can say that there aren't golden quaternions. Furthermore, we cannot have golden dual or golden hyperbolic quaternions.
Golden Biquaternions
But, we can have the golden biquaternions. Now, we try to explain the golden biquaternion. According to (2) we have
Now, let Q be a golden biquaternion, namely, Q = z 0 + z 1 e 1 + z 2 e 2 + z 3 e 3 , where z i ∈ C, i = 0, 1, 2, 3. Then we have
Thus we have
We know that a unitary biquaternion is expressed as
If we consider
then we can write a unitary biquaternion as
Then, according to the equalities (3), (4), (5) and (6), a unitary golden biquaternion is in the form as follows:
and since Q = Q 0 N Q , a golden biquaternion is also in the form as
Now, let us see the matrix form of the golden biquaternion. Let Q be a biquaternion, i.e., Q = z 0 + z 1 e 1 + z 2 e 2 + z 3 e 3 , where z j ∈ C, j = 0, 1, 2, 3. The matrix form of Q is given by
Hence, the matrix form of the golden biquaternion Q = s 2 , s 3 ) , is also given by
Now we consider the golden analogues of the examples of biquaternions given in [4] . Let's transform the variables using the transformation
where i = √ −1 is the imaginary number of complex algebra and x, y, z ∈ R. Under this transformation, we get
There is a surface known as Steiner's Roman Surface which has the intrinsic equation
Then, Q is a golden biquaternion if
has the property that the vector (yz, zx, xy) spans a Steiner's Roman Surface.
Using (9), we can write (10) as
Furthermore, if we used the transform
we have obtain the equation
which corresponds to a sphere of radius r = √ 5
2 . If we use the transforms
then the solution surfaces will be hyperboloids.
Golden Split Quaternions
Now, we investigate the golden split quaternion, i.e., we try to obtain the split quaternions Q that satisfy Q 2 = Q + 1. Let Q = S Q + − → V Q . Then we have
Thus, the equation Q 2 − Q = 1 is equivalent to
Thus, we have
Therefore, there are exactly two cases for the golden split quaternions:
Hence, we can have the golden split, golden dual split or golden hyperbolic split quaternions. Now, let us try to explain these golden split quaternions, respectively. If we have a golden split quaternion with − → V Q = 0, then according to (12) we get
Now, let Q be a golden split quaternion, namely, Q = q 0 + q 1 e 1 + q 2 e 2 + q 3 e 3 ,where q j ∈ R, j = 0, 1, 2, 3. Hence we get
which shows that the golden split quaternion Q is a spacelike quaternion. From [14] , we know that every spacelike quaternion can be written in the form
where sinh θ = is a spacelike unit vector in E 3 1 . Then, according to (13) , (14) and (15), a golden split quaternion is in the form
Now, we present some examples related to golden split quaternions. Let's transform the variables using the transformation T (q 1 , q 2 , q 3 ) = (yz, zx, xy) where x, y, z ∈ R. Under this transformation, we have
Besides the image of a Lorentz sphere of radius r centered at the origin under the projection (x, y, z) → (yz, zx, xy)
This surface corresponds to the Steiner's Roman surface in the Lorentz space. Then, Q is a golden split quaternion if Q = 1 2 + (yz)e 1 + (zx)e 2 + (xy)e 3 has the property that the vector (x, y, z) spans the surface in (16). Using equation (16), we can write equation (17). as
then we would obtain the equality
which corresponds to a Lorentz sphere of radius r = √ 5
Golden Dual Split Quaternions
Now, we investigate the golden dual split quaternion. Let Q = S Q + − → V Q . If we have a golden split quaternion with − → V Q = 0, then according to (12) , we have
where Q = Q 0 + Q 1 e 1 + Q 2 e 2 + Q 3 e 3 and Q j = q j + εq * j ∈ D, j = 0, 1, 2, 3. Then we have
which implie that
where sinh θ =
is a spacelike unit dual vector in E 3 1 . Then, according to (18), (19) and (20), a golden split quaternion is in the form
Now, we present some examples related to golden dual split quaternions. Let us transform the variables using
where ε is the imaginary number of the algebra of dual numbers and x, y, z ∈ R.
Under this transformation, we have
Hence, we can't use pure dual numbers in
If we use the transforms 
Golden Hyperbolic Split Quaternions
Finally, we investigate the golden hyperbolic split quaternion. Let Q = S Q + − → V Q , If we have a golden split quaternion with − → V Q = 0, then according to (12) , we have
where Q = Q 0 + Q 1 e 1 + Q 2 e 2 + Q 3 e 3 and Q j = q i + jq ′ i ∈ H, i = 0, 1, 2, 3. Then we have Q 0 = 1 2 and − Q 
Thus we obtain −q 
where sinh θ = 
Then, Q is a golden hyperbolic split quaternion if Q = 1 2 + (jyz)e 1 + (jzx)e 2 + (jxy)e 3
